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Free energy profile along a discretized reaction path
via the hyperplane constraint force and torque
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By employing mechanical work analogies, we derive a convenient computational approach for
evaluation of the free energy profilesFEPd along some discretized path defined as a sequence of
hyperplanes. A hyperplane is fully specified by any of its point and a tangent vector. The FEP is
obtained as an integral of two components. The translational component of the free energy is
computed by integrating the hyperplane constraint force. The rotational component is evaluated via
the hyperplane torque. Both ingredients—the constraint force and the hyperplane torque—are
evaluated on each hyperplane independently. The integration procedure utilizes a set of reference
points defining a point of rotation on each hyperplane, and these points can be chosen before or after
the sampling takes place. A shift in the reference points redistributes the FEP contributions between
the translational and rotational components. For systems where the FEP is dominated by the
potential energy differences, reference points residing on the minimum energy path present a natural
choice. We demonstrate the validity of our approach on two examples, a simple two-dimensional
s2Dd potential, and a seven-atom Lennard-Jones cluster. In each case, we compare the numerical
FEP with the harmonic approximation estimates. Our results for the 2D potential are also verified by
the data available in the literature. In both cases, the rotational component of the FEP represents a
sizable contribution to the total FEP, so ignoring it would yield clearly incorrect results. ©2005
American Institute of Physics. fDOI: 10.1063/1.1874832g
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I. INTRODUCTION

Evaluation of reaction free energies via configura
sampling is one of the widely utilized techniques in sim
tions of chemical and biochemical systems. The knowle
of free energy differences for reactants, products, and tr
tion states allows one to predict the direction of chem
reactions as well as estimate their reaction rates.1

Of specific interest to us are sampling approaches
allow to compute free energy profilessFEPd with reliable and
thus computationally expensive interatomic potentials
asab initio molecular dynamics.2 The time scales accesib
with such potentials tend to be rather short, so chemica
action events with high activation energies are “rare”
unlikely to happen during the simulation time. To achi
sufficient sampling around a likely path one can utilize c
straints of some sort to drive the system from the reacta
the product region.3 This procedure requires somea priori
choice of a reaction coordinate along which the syste
forced to move.

In such cases, a good choice of the reaction coordin
critical for the success of the whole procedure. A reac
coordinate can be considered to be “good” when one
high probability finds the system to be in the reactant re
below a certain reaction coordinate value, and in the pro
region above it.4 After computing the free energy profile a
specifying the dividing surface between the reactants
products at the maximum of the FEP, one can launch tr
tories in order to make sure that indeed the reaction co

5,6
nate is a good one. In commonly found situations, the re-
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actants and products are connected via a single low e
tube, so the neighborhood of the minimum energy path
good representation of the configuration space re
through which pass almost all reactive trajectories. The
one can manage to represent such a good path via a
internal coordinate, the FEP evalution is especially stra
forward via the force of constraint in molecular dynam
simulationssMDd as discussed by den Otter and Briels,7 and
by Sprik and Ciccotti.8

Here, by using mechanical work analogies, we aim
derive a physically transparent and computationally co
nient approach for evaluating the FEP along adiscretized
reaction path. A path is specified via a sequence of h
planes which could be obtained by any of the methods
as the intrinsic reaction path,9 nudged elastic band,10 or
string method.11,12 We should note that the FEP integrat
for numerical paths utilizing translational and rotatio
terms have already being discussed in the literatur
Jonsson and co-workers13,14 and Neriaet al.15 Others hav
also attempted to compute free energies along
paths.16–18 We believe that the advantage of our formu
compared to the earlier ones13–15 is that we clearly expre
the FEP as an integral of two simple averages evaluate
each hyperplane independently—the force of the cons
representing the work of the hyperplane translation and
torque accounting for the hyperplane rotation. Our exp
sions also highlight the fact that the point specifying a g
hyperplane is separable from the averages, and can b

before or after the averages are computed. This point can be

© 2005 American Institute of Physics08-1
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the configuration residing on the initial minimum ene
path, the thermally averaged configuration in the hyperp
calculated during the simulation, or some other point.
show how different choices of the reference points redis
ute the work between translational and rotational contr
tions. For both numerical example presented, we validat
FEP computed via the constrained MD by comparing
the free energy differences obtained via the harmonic
proximation.

II. APPROACH

A. Free energy change between two hyperplanes

Let us consider some system withM Cartesian coord
nates and multiple local energy minima in t
M-dimensional space. A discretized reaction path conne
two minima will be represented as a sequence of config

tions R̃i specifying a point on each configurational hyp

planei, and normalized tangentsni suniu=1d. Such a set ofR̃i

andni could be obtained, for example, via the nudged ela
band method10 or the string method,11 and even simple linea
interpolation between the initial and final states of
system14 would also give a valid albeit possibly suboptim
path.

To confine the system to a given hyperplanesR̃i ,nid one
applies the constraint

fRistd − R̃ig ·ni = 0. s1d

The dimensionality of the subspace specified by such a
perplane issM −1d.

The free energyA of a given hyperplane at temperat
T can be written as

AsR̃i,nid = − kBT ln QsR̃i,nid, s2d

wherekB is Boltzmann’s constant andQsR̃i ,nid is the parti-
tion function. The probability to find the system at a giv

point of suchsR̃i ,nid hyperplane is determined by the av
able kinetic energy, which is the function of temperaturT.
Suppose that now the tangent is arbitrarily rotated fromni to

ni8 in the full M-dimensional space. The hyperplanesR̃i ,ni8d
now specifies a differentsM −1d subspace compared to t

earlier hyperplanesR̃i ,nid, and thus will have a different pa
tition functionQ. In the following, we refer to such a chan
in the hyperplane tangent as “rotation.” The free en
changesworkd due to the tangent rotation is in general n
zero

Wi8,i
ROT= kBTfln QsR̃i,ni8d − ln QsR̃i,nidg Þ 0. s3d

The free energy difference for two consecutive hy
planes is

Wi→i+1 = AsR̃i+1,ni+1d − AsR̃i,nid. s4d

When both hyperplanesi andi +1 have the same tange
ni+1=ni si.e., a simple linear constraintd the workWi→i+1 can
be obtained as a straightforward integral of the const
force over the coordinate change.7,8 This is because we a

dealing with just a simple linear reaction coordinate and the
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Jacobian of such a transformation is trivialsuJu=1d, so all
complicated factors go away. The constraint force is jus
ensemble averaged force acting on the hyperplanei along the
tangent, defined as

kFi
il = kFi ·nil. s5d

IntegratingkFi
il force along the path would be sufficient

getting the entire FEP if there was no change in the tan
orientation. However, in general, the tangents do rotate
hyperplane to hyperplane.

Thus we also need a preferably simple way to com
the rotational contribution. The transformation of hyperp
i to hyperplanei +1 can be viewed as a sequence of
steps. First, hyperplanei is translated until one of its poin

coincides withR̃i+1, and then it is rotated around pointR̃i+1

in order to align tangentsni andni+1 fFig. 1sadg.15 Naturally,
one could just as well carry out the transformations in
opposite directionfFig. 1sbdg.

So the total work required to carry out the forward tra
formation could be split into two components

Wi→i+1 = Wi→i+1
TR + Wi8→i+1

ROT . s6d

As mentioned earlier, the translational workWi→i+1
TR is evalu-

ated as force times the displacement

Wi→i+1
TR = sfR̃i+1 − R̃ig ·nidkFi

il, s7d

where fR̃i+1−R̃ig ·ni is the translation distancefFig. 1sadg.
One could notice a strong analogy with the mechanical w
similarly defined as force times the displacement. We wa
emphasize that the displacement of hyperplanei implies not

just a translation of a single configurationR̃i, but rather o
the whole potentially accessiblesM −1d-dimensional sub

spacesR̃i ,nid to a new location in the fullM-dimensiona
space. The work required represents the change in the
energy defined in Eq.s2d.

B. Rotational work

Continuing to borrow from mechanics, the work due

hyperplane rotationfsR̃ j ,n jd→ sR̃ j ,n j8dg is the product of th
torque and rotational anglea. Instead of computing the wo
Wi8→i+1

ROT needed to rotate translated hyperplanei at the inter
mediate locationfFig. 1sadg, we choose to evaluate the ne

ROT

FIG. 1. Transformation of hyperplanes in the forward and rev
directions.
tive of the workWi+1→i8
needed to rotate hyperplanei +1 to
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match translated hyperplanei. This is because the torque
unmodified hyperplanei +1 is known exactly since this
where the sampling takes place. In the following we refe
this rotational work asWi+1,i

ROT=−Wi+1→i8
ROT =Wi8→i+1

ROT . Note tha
to understand all the physics involved in rotating hyp
planes it is already sufficient to consider one-dimensi
s1Dd “hyperplanes”slinesd in a “full” 2D space, such as wh
is shown in Fig. 1. The rotation of hyperplanei +1 occurs

around pointR̃i+1 fFig. 1sadg in a 2D subspace spanned
vectorsni andni+1. We will choose as the orthonormal ba
in this 2D subspace vectorsni+1 and the normalized comp
nent ofni orthogonal toni+1 fFig. 2sadg

ni→i+1 =
ni − sni ·ni+1dni+1

uni − sni ·ni+1dni+1u
=

n̄i→i+1

un̄i→i+1u
. s8d

In such a basis, vectorni can be represented as

ni = ni+1 cossad + ni→i+1 sinsad, s9d

wherea=arccossni ·ni+1d. By construction, anglea is such
that sinsadù0 fFig. 2sadg. Then the norm of the differenc
vector n̄i→i+1 is

un̄i→i+1u = uni − sni ·ni+1dni+1u = sinsad. s10d

The fact thatun̄i→i+1u=sinsad will help us to simplify the
situation whena is close to or is zero. We do not use
vector product expression for the torque from mecha
since in general the entire configuration space has a nu
of dimensions different from three. The instantaneous s
torque, on the other hand, can always be defined as

ti+1,istd = Fi+1
i stdsfRi+1std − R̃i+1g ·ni→i+1d. s11d

The expressionsfRi+1std−R̃i+1g ·ni→i+1d gives the arm lengt
by projecting the difference between current positionRi+1std
in the hyperplane and the point of rotationR̃i+1 onto the
vector ni→i+1 orthogonal to the force in the 2D planefFig
2sbdg. The scalar product specifying the arm length is ei
positive or negative depending on location of the p

Ri+1std with respect to pointR̃i+1 fabove or below pointR̃i+1

in Fig. 2sbdg. The torque average is

kti+1,il = kFi+1
i sfRi+1 − R̃i+1g ·ni→i+1dl

= skFi+1
i Ri+1l − kFi+1

i lR̃i+1d ·ni→i+1. s12d

FIG. 2. Hyperplane rotations and the associated direction and torq
The notable feature of the last expression is the separation o
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constantsR̃i+1 andni→i+1 from the averagesk¯l. The rota
tional work Wi+1,i

ROT is then

Wi+1,i
ROT= askFi+1

i Ri+1l − kFi+1
i lR̃i+1d ·ni→i+1. s13d

In the limit of small anglesa betweenni and ni+1 one can
use the expression sinsad<a and rewriteWi+1,i

ROT fEq. s13dg as

lim
a→0

Wi+1,i
ROT= askFi+1

i Ri+1l − kFi+1
i lR̃i+1d ·

n̄i→i+1

sinsad

= skFi+1
i Ri+1l − kFi+1

i lR̃i+1d · n̄i→i+1. s14d

Equations14d is applicable even for parallel tangents w
a=0, in which caseWi+1,i

ROT is naturally also zero.
It is also instructive to consider the differential form

the expressions for workWi→i+1. In such a case we w
assume that the tangentni is evolving continuously along th
segment between planesi and i +1, and the segment is p
rametrized by variables. This is the approach discussed
Jonsson and co-workers.13,14 The differential of the tange
for a given change in the pathds is fs]ni /]sddsg. We note
that ]ni /]s has the direction opposite to our finite differe
vectorn̄i→i+1 fsee Fig. 2sadg, leading to the flip of the sign
the following expression. Then for an instantaneous con
ration Ristd the differential of the total work is

dWistd = Fi
istdS1 − fRistd − R̃ig ·

]ni

]s
Dds. s15d

This work differential is identical to the one given in Re
13 and 14.

One can also compute work in the opposite direction
transforming hyperplanei +1 into i. In this case, hyperplan
i +1 is translated toward hyperplanei, and then rotatedfFig.
1sbdg. The expression for such reverse work can be obta
by simply swapping the indicesi and i +1 in Eq. s6d. In
general, Wi+1→i =−Wi→i+1. However, under the numeric
computations the equality is not strictly true, so we will
the average for the purpose of computing the total work

W̄i→i+1 = fWi→i+1 − Wi+1→ig/2. s16d

We would like to emphasize the fact that during confi
ration sampling one only needs to compute two ra
straightforward averages, the tangent forcekFi

il, and the av
erage of coordinates weighted by the tangent forcekFi

iRil.
This second intermediate will be used for torque evalua
as per Eq.s12d.

The point R̃i defining the hyperplane does not app
explicitly in the averages, although, it did define the ne
borhood where the sampling started. There is also no
pling between the neighboring hyperplanes in the aver
in contrast to the approach by Neriaet al.15 If higher numeri-
cal accuracy is desired, additional hyperplanes could be
erated by linear interpolation and inserted anywhere a
the path, and then extra sampling would only need t

done on these added hyperplanes. The reference poinR̃i

can be set either before or after the averages are com

fwhich is quite convenient.
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C. Shift in reference points R ˜
i

Now we take a look at what happens when the refer
points are shifted. The translational partWi→i+1

TR changes in
the following way:

Wi→i+1
TR sR̃i + DR̃i,R̃i+1d − Wi→i+1

TR sR̃i,R̃i+1d

= − sDR̃i ·nidkFi
il = 0, s17d

Wi→i+1
TR sR̃i,R̃i+1 + DR̃i+1d − Wi→i+1

TR sR̃i,R̃i+1d

= sDR̃i+1 ·nidkFi
il = sinsadkFi

ilsDR̃i+1 ·ni→i+1d. s18d

The rotational componentWi+1,i
ROT does not containR̃i at all

and thus is unaffected byDR̃i. The effect of change inR̃i+1 is

Wi+1,i
ROTsR̃i,R̃i+1 + DR̃i+1d − Wi+1,i

ROTsR̃i,R̃i+1d

= − akFi+1
i lsDR̃i+1 ·ni→i+1d. s19d

Thus both the translational and rotational components o

work have significant dependence onR̃i+1. The total work

Wi→i+1, on the other hand, changes much less withR̃i+1

Wi→i+1sR̃i,R̃i+1 + DR̃i+1d − Wi→i+1sR̃i,R̃i+1d

= ssinsadkFi
il − akFi+1

i ldsDR̃i+1 ·ni→i+1d. s20d

The difference in the left brackets of Eq.s20d is expected t
be small for nearby hyperplanes and small anglesa, since
sinsad<a and kFi

il<kFi+1
i l, however, it is nonetheless s

nonzero.

A practically important question then is whatR̃i should
be in order to have numericalWi→i+1 as accurate as possib
Note that for the stability of the numerical integration its

a sequence ofR̃i should at least form a path that is smoo
At zero temperature the system confined to a hyperp
does not have any kinetic energy to access points with
ergy higher than a given local minimum. Another way to
it is that at 0 K the probability to find the system at the lo

minimum is 1, and 0 elsewhere. Then, by choosingR̃i to be
at this minimum as well, the force is always applied at

point R̃i. Under such circumstances the torque is zero du
the zero arm lengthfEq. s11dg and so is the rotational com
ponent of the work. Note that at 0 K one could also cho

R̃i to be not at the minimum, and then the force is app
off-center and the torque is nonzero.14 When one uses
minimum energy pathsMEPd to define the initial sequence
hyperplanes, the local hyperplane minima will coincide w

the MEP points, and so those make good choices forR̃i. By
MEP we mean a path for which the force is only nonzer
the direction parallel to the path tangent.

Johannesson and Jonsson have suggested to optim
sequence of hyperplanes along some arbitrarily chosen
path.14 This approach yields a hyperplane near the trans
state with the translational force and the hyperplane to

both being zero. They have employedR̃i =kRil as the refer
ence point for each hyperplane in the sequence. The tan

are being updated in the direction opposite to the torque
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vector average, which isskFi
iRil−kFi

ilR̃id. Note that in Eq
s12d, we evaluated a projection of such torque vector on
specific directionni→i+1 in which the hyperplane was rotat
to match the orientation of the other hyperplane.

Ren and Eet al.4,19 have proposed to optimize the en
path at finite temperature—the method refered to as the
temperature string method. In this approach, an equisp
sequence of hyperplanes is obtained, with tangentsni derived
from kRil via the usual formulas for numerical tange
along a path.20

D. Additional constraints required in molecular
systems

Realistic 3D molecules withN atoms have 3N degrees o
freedom. Out of these, three represent translations of the
ter of mass, and three represent rotations around it. Not
these translations and rotations of a molecule as a who
3D have very little in common with the hyperplane rotati
and translations discussed in the context of the free en
integration earlier in this work. The molecular translatio
degrees of freedom are straightforwardly expressed as
vectors, while the rotational degrees of freedom can
readily linearized for small rotational angles.21 The mass
weighted coordinates are a convenient choice of a coord
system. Molecular rotations somewhat complicate the u
the 3N-dimensional tangentsni. Specifically, if the molecula
rotations are left unconstrained during the sampling, the
ecule can get rearranged by small displacements into a
minimum. The final result of such a change represen
global rotation in a way as to make the tangentni parallel to
one of the linearized rotational vectors of this minimi
structure.

So in order to make sure that tangentni represents tru
internal changes within a structure, rotations should be
strainedsalong with translationsd. Such a constraint could
either global or local within a chain of configurations. T
global one involves the use of Eckart axis conditions21–23

with the same fixed structurer̃ a for all the structures.15 Spe-
cifically, during the generation of the reaction path one
forces the condition

o
a

mar a 3 r̃ a = 0, s21d

where r̃ a represents atomic positions in some fixedsrefer-
enced structure, whiler a represents atomic positions in a
other structure along the MEP. In practice the vector pro
constraint defined by Eq.s21d can be decomposed into th
orthogonal linear constraints of the form

o
k=1

3N

aakrk = 0. s22d

Similar constraint equations apply to the three translat
constraints, and the reaction path tangent. If all seven l
constraint vectors are made orthogonal, the constraints
be enforced by simply projecting them out sequentially. O
erwise a matrix inversion is needed.15,16,24

An issue with Eq.s21d is that for significant changes

structurer with respect to the reference one, rotational vec-
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tors of r̃ eliminated from the displacements of structurr
will not be fully aligned with the rotational vectors of stru
ture r . Then thes3N−7d sampled subspace for structurr
will not represent just the internal degrees of freedom, b
bit of rotation, while a small fraction of the subspace of
internal degrees of freedom will not be sampled due to b
constrained. The overall efect of such imperfect rotati
constraints will diminish with the increasing number of
grees of freedom.

More interesting, however, is that with local rotatio
constraints one can in fact make sure that thes3N−7d
sampled subspace includes just the internal coordinates
and no rotations. This is achieved by aligning any three
secutive structuresr 1, r 2, andr 3 in the path to satisfy

r 1 ^ r 2 = 0, s23d

r 2 ^ r 3 = 0, s24d

where^ denotes a mass-weighted sum of vector produc
in Eq. s21d. One can construct such a string by using align
rotation matrices during the string optimization.25 Then the
tangents, mainly computed asfr 2−r 1g swith normalizationd,
satisfy both equations

sr 2 − r 1d ^ r 1 = 0, s25d

sr 2 − r 1d ^ r 2 = 0, s26d

and each structurer istd could use local rotational constra
f^ r̃ i =0g, with r̃ i taken from the MEP path. Now from stru
ture to structure in the path not only the path tangents
also molecular rotation vectors could be changing orienta
srotatingd. However, since there should be zero or very s
average forcesand torqued acting on the molecular rotatio
constraint vectors, the effect of changing molecular rota
constraints can be neglected. In the following section we
have a numerical example of such an approach.

III. NUMERICAL EXAMPLES

Since our goal is to compute free energy difference
chemical reactions via MD simulations, we will carry out
canonical ensemble sampling in hyperplanes via the
with a Nose–Hoover thermostat26,27 chain.28 It is a well-
known by now fact that the simple Nose–Hoo
thermostat26,27 has poor configurational sampling proper
for stiff systems such as a harmonic oscillator.27,29 We use
Verlet algorithm to integrate the equations of motion, w
microiterations for reaching self-consistency between at
and thermostat velocities.30 The minimum energy path on t
surface is obtained via the string method11 with dampled
dynamics minimization.31 The string method is a parame
free approach similar to the nudged elastic band meth10

The MEP path obtained in such a way represents an e
paced set of configurations which have zero forces pe
dicular to the path tangent. The number of thermostats i
Nose–Hoover chain was 10. In line with recommendation
Ref. 28, the first thermostat had the mass
8gkBT/ s2pntypd2, whereas all the other ones we

2
8kBT/ s2pntypd whereg is the number of sampled degrees of
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freedom. In the following, we setkB to 1, and express tem
peratureT in units of the energy. In both examples, we h
used 513 replicas along the path including the first and
last points.

The harmonic approximation for the free energy dif
ence between any two pointsi and j on the path is

DAi,j
H = DVi,j

MEP − kBT lnSPk=1
d ni,k

Pk=1
d n j ,k

D , s27d

where DVi,j =VsR̃ j
MEPd−VsR̃i

MEPd. The product Pk=1
d runs

over the frequenciesnk of all the degrees of freedom acc
sible to the MD sampling, i.e., those in the hyperplane
compute frequenciesnk, we analytically calculated the fu
Hessian and then projected it onto a smaller subspace
which all the constraint vectors were excluded. The ei
values Ek of the projected Hessian can be converted
frequencies viank=ÎEk/ s2pd. The projected out constrain
are identical to the ones we use during the MD runs, so
numerical FEP is directly comparable to the harmonic o

The free energy difference for the same sequence o
perplanes is also evaluated via the constraint force an
perplane torque from our MD simulation

DAi,j
MD = o

l=i

j−1

W̄l→l+1, s28d

whereW̄l→l+1 was defined in Eq.s16d.
To facilitate detailed comparisons between the harm

and numerical FEP, for any two points on the path we de
a new quantityDM,

DMi,j =
DAi,j − DVi,j

MEP

kBT
. s29d

According to the harmonic approximationfEq. s27dg, har-
monic DMi,j

H is independent of the temperature,

DMi,j
H = − lnSPk=1

d ni,k

Pk=1
d n j ,k

D . s30d

Note that this logarithm of the frequencies’ ratio is of
encountered in the context of the transition state theory.1 We
can further splitDMi,j into translational and rotational co
tributions. Since the potential energy differences are pu
due to the translational component, the meaningful de
tions are

DMi,j
TR=

DAi,j
TR− DVi,j

MEP

kBT
, s31d

DMi,j
ROT=

DAi,j
ROT

kBT
. s32d

The DM’s allow one to see more easily the effects of o
minima in the hyperplane as well as anharmonicity on
MD results. Otherwise the free energy profile can be d
nated by the potential energy differencesDVi,j and the rela
tively small temperature effects can be overlooked. In a
tion, highly accurate and sensitiveDM’s much more clearl

illustrate the importance of the rotational contribution.
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A. Model 2D potential

Our first example is a particle with mass 1 in a tw
dimensional potentialssame as in Ref. 15d,

Vsx,yd = 0.06sx2 + y2d2 + xy− 9e−sx − 3d2−y2
− 9e−sx + 3d2−y2

.

s33d

This potential has minima ats72.7127, ±0.1509d with the
energy of −5.2405 units, whereas the saddle point is ats0,0d
with the energy of −0.0022 unitssFig. 3d. As mentioned ea
lier, the MEP path was computed via the string method s
ing from a linearly interpolated path. The highest freque
in the direction orthogonal to the path is at the minima, w
n=0.688 56. The MD time step was set to 1/100th of
characteristic period 1/n. After the initial equilibration fo
40 000 steps, the MD simulation was carried out fo
3106 steps. The care was taken to avoid finite preci
issues by splitting the accumulated averages into pieces
tangent constraint was maintained via a Lagra
multiplier,24 which in this case is simply the negative of
total force projection on the hyperplane tangent. The
monic DA‡ for the transition state ats0,0d is

DA‡ = 5.2383 − 1.4824T. s34d

This expression is similar to the one in Ref. 15, with mi
differences perhaps due to the slightly different tangen
rections at the minimum.

An interesting feature of this potential is that so
points along the minimum energy path represent not the
bal but a local minimum in the respective hyperplane. T
the probability to find the system is higher at the glo

TABLE I. Free energy difference between the min
components for two different reference paths are
5.2383.

T

Reference pathsR̃i
MEPd

DA‡ DATR−V
‡ DAROT

‡ DA

0.01 5.2238 0.9125 −0.9271
0.1 5.0919 0.5829 −0.7293
0.5 4.5404 0.2011 −0.8991
1.0 3.9210 −0.6047 −0.7125

a

FIG. 3. Minimum energy and thermally averaged paths at differentTs.
Reference 15.
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minimum. The plot of the original minimum energy path a
the averageskRil for several differentT sFig. 3d emphasize
this observation.

Comparing harmonic and numericalDMk;DM0,j sFig.
4d, one can see that at the saddle point these two se
computed values match quite well at lower temperatures
the hyperplanes with two minimasFig. 4, around replic
140d, however,DMk

MD deviates significantly from the ha
monic predictions since then due to a lower minimum
always finitesDA0,j −DV0,jd gets divided by whatever sm
kBT. There is a slight visible energy reduction in this reg
of the path as computed by using the thermally aver
positions supper curves in Fig. 4d. The splitting ofDMk

MD

into rotational and translational components depends o
reference path employedsTable I and Fig. 5d, however, de
spite very significant redistribution between the two com
nents the total integrated values are very similar. Note th
we simply ignored the rotational component, the obta
DMk

MD sand likewise FEPd would be incorrect.

B. A seven-atom Lennard-Jones cluster

The rearrangment of this two-dimensional seven-a
Lennard-JonessLJd cluster is investigated in seve
papers.11,32,33The LJ potential has the standard form

V = o
i, j

4eFS s

r ij
D12

− S s

r ij
D6G . s35d

The distance between the particles isr ij , while e and s are
set to 1sLJ unitsd. The energy for the optimized geome
shown in Fig. 6 is −12.5349. The question of interest is

and the transition state. The translational and rotational
n.A‡,H is the harmonic approximation estimate.DV‡ is

Reference pathkRil

DA‡,H DA‡,aDATR−V
‡ DAROT

‡

59 0.0363 −0.0487 5.2235 5.223
23 0.1688 −0.3149 5.0901 5.092
05 −0.1220 −0.5758 4.4971 4.538
10 −0.9608 −0.3565 3.7559 3.933

FIG. 4. DVk
MEP profile supper curved andDM at differentTs.
imum
showD

‡

5.22
5.09
4.54
3.92
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114108-7 Free energy profile along a discretized reaction path J. Chem. Phys. 122, 114108 ~2005!
migration of the center atom to the outer shell of the clu
One of low activation energy mechanisms for such a r
rangment can be viewed as a rotation of a three-atom g
within the clustersFig. 6d.32,33 The intermediate structur
relax accordingly in order to be at the valley along the p
si.e., zero force in all directions perpendicular to the pad.
The profile obtained via the string method has two inter
diate minima and three maximasupper curve in Fig. 7d.

The total number of degrees of freedom in this sys
confined to thexy plane is 237=14, out of which two rep
resent translations, and one represents rotation. Includin
hyperplane tangent constraint, we end up with the tota
four linear constraints, and remaining ten sampled degre
freedom. During the MD we enforce these two translatio
one rotational, and one hyperplane tangent constrain
utilizing Eq. s22d.

Figure 7 contains two harmonicDMk approximation
where the projected outsconstrained in MDd degrees of free
dom either were determined by the local or by the glo
constraint as discussed in Sec. II D. For theDMglobal curve it
is quite noticable that the farther away the structure is loc
from the central transition state used as the string-wide
straint, the more theDMglobal curve deviates from theDM
which employed the local rotational constraints. We
want to mention that local constraints are fully consis

FIG. 5. TranslationalsTR-Vd and rotationalsROTd contributions toDM at

T=0.5 using the minimum energy and thermally averaged paths asR̃i.
FIG. 6. A two-dimensional LJ cluster.
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with the way that the usual harmonic frequencies are c
puted by projecting out translations, rotations, and the f
vector if it is nonzero.

The MD simulation was carried out for 83106 time
steps with each step being 1/100th of the characteristi
riod 1/ntyp. The mass of each atom was set to 1. Thentyp

=1.701 which is the frequency of two bound LJ atoms a
minimum. As one can see from Fig. 8,DMk

MD stays relatively
close to the harmonic curve for the entire string. We did
several different temperatures, and all numerically comp
DMk curves looked very much the same. At sufficiently h
thermal energy per structuresT.0.01, not shownd, extensive
rearrangments start to occur in the hyperplanes.

Again, the individual translational and rotational con

butions to the numericalDMk sFig. 8d with R̃i =R̃i
MEP are of

similar magnitude. Simply ignoring the rotational contri
tion to theDMk

MD does get a curve that has the general s
of the harmonicDMH, but unfortunately, it is not a corre
one. We also computed the numericalDMk for the string
where the central transition state structure was used a
global constraintsnot shownd. In this case, we could aga
match the corresponding harmonicDMglobal

H curve with the
one from the MD.

FIG. 7. DVk
MEP profile supper curved and two harmonicDM’s. The curve

labeled asDM used local rotational constraints for each replica along
string. The curveDMglobal was generated by using the central transition
structure as a constraint for all of the replicas. BothDM’s curves are shifte
by the same constant, and coincide in the middle where the local and
constraints of the two calculations are the same.

FIG. 8. TR-V and ROT contributions toDM at T=0.001 using the minimum
˜
energy path asRi. Individual rotational constraint was used for each replica.
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IV. CONCLUSIONS

In summary, we have described a convenient comp
tional approach for evaluation of the FEP along some
cretized path defined as a sequence of hyperplanes. A h
plane is fully specified by any its point, and a tangent ve
A suitable path can be obtained by any of the methods
as the intrinsic reaction path,9 nudged elastic band,10 or
string method.11,12 Sampling along such a path is especi
appropriate for chemical reactions where the reactants
products are connected via a single low energy tube, s
neighborhood of the minimum energy path is a good re
sentation of the configuration space region through w
pass almost all reactive trajectories.

The FEP is obtained as an integral of two compon
fEq. s6dg. The translational component of the free energ
computed by integrating the hyperplane constraint forcefEq.
s7dg. The rotational component is evaluated via the hy
plane torquefEq. s13dg. Both ingredients—the constra
force and the hyperplane torque—are evaluated on eac
perplane independently by computing two simple avera
This is in contrast to the method of Neriaet al.,15 where the
change in free energy is computed by considering two ne
boring hyperplanes at once. The differential form of our
pressions is the same as the one utilized by Jonsson
co-workers.13,14 The accuracy of our integration proced
can be improved systematically by inserting hyperplane
between, and the additional sampling only needs to be
on these added hyperplanes while keeping the averag
exisiting ones.

Our integration procedure utilizes a set of refere
points defining a point of rotation on each hyperplane
these points can be chosen before or after the sampling
place. A shift in the reference points significantly redist
utes the FEP contributions between the translational an
tational components. In contrast, the total of the two com
nents is affected to a much lesser extent.

The validity of the presented method is demonstrate
two examples, a simple 2D potential, and seven-a
Lennard-Jones cluster in two dimensions. In each case
compared the numerical FEP with the harmonic approx
tion estimates. Our results for the 2D potential are also
fied by the data available in the literature. We emphasiz
fact that the evaluation of the rotational contribution is v
for computing correct FEPs.
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