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Free energy profile along a discretized reaction path
via the hyperplane constraint force and torque
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By employing mechanical work analogies, we derive a convenient computational approach for
evaluation of the free energy profil@EP along some discretized path defined as a sequence of
hyperplanes. A hyperplane is fully specified by any of its point and a tangent vector. The FEP is
obtained as an integral of two components. The translational component of the free energy is
computed by integrating the hyperplane constraint force. The rotational component is evaluated via
the hyperplane torque. Both ingredients—the constraint force and the hyperplane torque—are
evaluated on each hyperplane independently. The integration procedure utilizes a set of reference
points defining a point of rotation on each hyperplane, and these points can be chosen before or after
the sampling takes place. A shift in the reference points redistributes the FEP contributions between
the translational and rotational components. For systems where the FEP is dominated by the
potential energy differences, reference points residing on the minimum energy path present a natural
choice. We demonstrate the validity of our approach on two examples, a simple two-dimensional
(2D) potential, and a seven-atom Lennard-Jones cluster. In each case, we compare the numerical
FEP with the harmonic approximation estimates. Our results for the 2D potential are also verified by
the data available in the literature. In both cases, the rotational component of the FEP represents a
sizable contribution to the total FEP, so ignoring it would yield clearly incorrect result30@
American Institute of PhysicgDOI: 10.1063/1.1874832

I. INTRODUCTION actants and products are connected via a single low energy
_ ) _ ) ) _ tube, so the neighborhood of the minimum energy path is a
Evaluation of reaction free energies via conflguratlongood representation of the configuration space region

sampling is one of the widely utilized techniques in simula-g, g which pass almost all reactive trajectories. Then, if
tions of chemical and biochemical systems. The knowledg%ne can manage to represent such a good path via a single

qf free energy differences for rgactants,products, and Uansg iemal coordinate, the FEP evalution is especially straight-
tion states allows one to predict the direction of Cher‘mcalforward via the force of constraint in molecular dynamics

reacg?r;s :csif},(\:/eilrlntaesrees?tltr:al,f: g:z'rsgericﬂﬁn fteféaches th %imulations(MD) as discussed by den Otter and Briemd
P bling app Py Sprik and Ciccott?

allow to compute free energy profiléBEP with reliable and H b ; hanical K loai im t

thus computationally expensive interatomic potentials such, . €re, by using mechanical work anajogies, we aim to
asab initio molecular dynamic%.The time scales accesible dgrlve a physically transparent and computatlc.mally- conve-
with such potentials tend to be rather short, so chemical rer_nent_approach for ev_aluatmg _the '.:EP alongfiscretized
action events with high activation energies are “rare” and eaction pgth. A path is spc_ecmed via a sequence of hyper-
unlikely to happen during the simulation time. To achieveP!anes which could be obtained by any of the methods such

sufficient sampling around a likely path one can utilize con-2S the Intrinsic_reaction pathnudged elastic b.anjd’, or
straints of some sort to drive the system from the reactant t5"'"9 metho&. " We should note that the FEP integration
the product regiod. This procedure requires sonaepriori for numerical paths ut|!|zmg .translatlopal and_ rotational
choice of a reaction coordinate along which the system i4€'ms have already being discussed in the literature by
forced to move. Jonsson and co-workérs* and Neriaet al® Others have

In such cases, a good choice of the reaction coordinate RSO lrélttlesmpted to compute free energies along such
critical for the success of the whole procedure. A reactiorPaths.” We believe that the advantage of our formulas
coordinate can be considered to be “good” when one witfompared to the earlier onfés™is that we clearly express
high probability finds the system to be in the reactant regiorihe FEP as an integral of two simple averages evaluated on
below a certain reaction coordinate value, and in the productach hyperplane independently—the force of the constraint
region above if. After computing the free energy profile and representing the work of the hyperplane translation and the
specifying the dividing surface between the reactants antbrque accounting for the hyperplane rotation. Our expres-
products at the maximum of the FEP, one can launch trajecsions also highlight the fact that the point specifying a given
tories in order to make sure that indeed the reaction coordiRyperplane is separable from the averages, and can be set
nate is a good one® In commonly found situations, the re- before or after the averages are computed. This point can be
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the configuration residing on the initial minimum energy
path, the thermally averaged configuration in the hyperplane
calculated during the simulation, or some other point. We
show how different choices of the reference points redistrib-
ute the work between translational and rotational contribu-
tions. For both numerical example presented, we validate the
FEP computed via the constrained MD by comparing it to
the free energy differences obtained via the harmonic ap-
proximation.

@ Rin

i+1

a b

Il. APPROACH FIG. 1. Transformation of hyperplanes in the forward and reverse

A. Free energy change between two hyperplanes directions.

Let us consider some system wilh Cartesian coordi-
nates and multiple local energy minima in this

M-dimensional space. A discretized reaction path ConneCtin%nsemble averaged force acting on the hyperpilaeng the
two minima will be represented as a sequence of configure\éngem defined as

tions ﬁi specifying a point on each configurational h~yper- "

planei, and normalized tangents (|n;|=1). Such a set oR; (Fy=(Fi - ni). (5
andn; could be obtained, for example, via the nudged elastigntegrating(F!) force along the path would be sufficient for
band methotf or the string method, and even simple linear getting the entire FEP if there was no change in the tangent

interpolation between the initial and final states of theorientation. However, in general, the tangents do rotate from
systent* would also give a valid albeit possibly suboptimal hyperplane to hyperplane.

Jacobian of such a transformation is trivigd|=1), so all
complicated factors go away. The constraint force is just the

path. _ Thus we also need a preferably simple way to compute
To confine the system to a given hyperpldRg,n;) one  the rotational contribution. The transformation of hyperplane
applies the constraint i to hyperplanei+1 can be viewed as a sequence of two

~ steps. First, hyperplanieis translated until one of its points
[Ri(t)—Ri]-niZO. (l) L . N. o ~
coincides withR;,4, and then it is rotated around poiR},,
The dimensionality of the subspace specified by such a hyin order to align tangents; andn;,; [Fig. 1a)].*° Naturally,

perplane igM-1). one could just as well carry out the transformations in the
The free energyA of a given hyperplane at temperature opposite directiofFig. 1(b)].
T can be written as So the total work required to carry out the forward trans-
A(ﬁ ) T Q(ﬁ’ ) @ formation could be split into two components
iNi)=—Kglin i),
Wi g =Wy + WﬁiTiﬂ- (6)

wherekg is Boltzmann's constant an@(R;,n;) is the parti- _ _ _ e
tion function. The probability to find the system at a givenAS mentioned earlier, the translational wakK®;,, is evalu-

point of such(R;,n;) hyperplane is determined by the avail- &td as force times the displacement

able kinetic energy, which is th_e fun_ctiop of temperatlire WiTEi+1: ([ﬁm— ﬁi] 'ni)<F‘i‘>v 7)
Suppose that now the tangent is arbitrarily rotated froro - ~

n’ in the full M-dimensional space. The hyperplaig,n/) ~ where[R;,;—R;]-n; is the translation distanckFig. 1(@)].
now specifies a differentM —1) subspace compared to the One could notice a strong analogy with the mechanical work,
earlier hyperplanéﬁi,ni), and thus will have a different par- similarly_defined as fo_rce times the displacen_"nc_ant. We want to
tition function Q. In the following, we refer to such a change €MPhasize that the displacement of hyperplameplies not

in the hyperplane tangent as “rotation.” The free energ)jUSt a translation of a single configuratidt), but rather of
change(work) due to the tangent rotation is in general non-the whole potentially accessibléV -1)-dimensional sub-
zero space(R;,n;) to a new location in the fulM-dimensional
space. The work required represents the change in the free

WiST=keT[In Q(R;:n{) = In Q(R;,n))] # 0. () energy defined in Eq2).

The free energy difference for two consecutive hyper-

planes is B. Rotational work

Wi_is1 = AR Nis) — AR}, ). (4) Continuing to borrow from mechanics, the work due to

When both hyperplandsandi+1 have the same tangent hyperplane rotatiofi(R;,n;) — (R;,n/)] is the product of the
ni.;=n; (i.e., a simple linear constrainthe workW, ;,; can  torque and rotational angle Instead of computing the work
be obtained as a straightforward integral of the constraint¥/}"",, needed to rotate translated hyperplar the inter-
force over the coordinate chanb%.‘l’his is because we are mediate locatiofFig. 1(a)], we choose to evaluate the nega-
dealing with just a simple linear reaction coordinate and thdive of the workWReT i needed to rotate hyperplanel to

i+1—
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Ria(t)L Fha(t) nia gonstant§i+l %qq Ni_i+1 from the averages --). The rota-
[ tional work Wiy is then
o : 7= a((FliRiw) — (FlRi) -0 (13
n [Rit1(t) — Ripa] - mimipa i+1; — AU FiRieg i+1/Mi+1 i—i+1-
o Mimita N i1 In the limit of small anglesx betweenn; andn;,; one can
- R, Y . use the expression i) ~ « and rewriteWRST [Eq. (13)] as
n;y +1 n; :
2 b im WES = a((Fl iR = FoRien -

FIG. 2. Hyperplane rotations and the associated direction and torque.
= (FlaRiv0 = (FLORiD) - Niisa. (14)
match translated hyperplaneThis is because the torque on : . .
o yperpiam . que Equation(14) is applicable even for parallel tangents when
unmodified hyperplané+1 is known exactly since this is — ' . . oT :
a=0, in which casek/\/iFiLi is naturally also zero.

where the sampling takes place. In the following we refer to It is also instructive to consider the differential form of

this rotational work asAVi9T=-WRoT  =wWH°T  Note that : :
I+1i i+l—it T il the expressions for workV,_ ;.. In such a case we will

to unde.rsf[and all the physms |nvoIve.d n rotatmg hy.per— ssume that the tangemtis evolving continuously along the
planes it is already sufficient to consider one—dmensmnaﬁl

. o L egment between planésandi+1, and the segment is pa-
.(1D) hype.rpla.nes (ines)in a _fuII 2D space, S.‘UCh as what rametrized by variabls. This is the approach discussed by
is shown in Fig. 1. The rotation of hyperplan¢ 1l occurs

nr _ : Jonsson and co-worket$ The differential of the tangent
around pointR;.; [Fig. 1(a)] in a 2D subspace spanned by for a given change in the paits is [(an;/Js)ds]. We note
vectorsn; andn;,;. We will choose as the orthonormal basis that gn,/ 4s has the direction opposite to our finite difference
in this 2D subspace vecton$+1_ and the normalized compo- vectorn; ., [see Fig. 23)], leading to the flip of the sign in
nent ofn; orthogonal ton;.., [Fig. 2a)] the following expression. Then for an instantaneous configu-
— ation R;(t) the diff tial of the total work i

N = (N Nis)Nisg _ Nisisg ration R;(t) ifferentia otal work is

== . (8)
N= (N NN Nl

Ni_i+1=
~ an;:

| dWi(t) = Fi(t)(l -[Ri® - Ri]- —')dS- (15

In such a basis, vectar; can be represented as s

Ni = Njsy COS@) +Ni_i4p SiN(), (9) This work differential is identical to the one given in Refs.

13 and 14.
where e=arcco$n; -n;,;). By construction, angler is such One can also compute work in the opposite direction for
that sirfa) =0 [Fig. 2(@]. Then the norm of the difference transforming hyperplanet1 intoi. In this case, hyperplane
vectorn; i, is i+1 is translated toward hyperplaneand then rotatefFig.
o ] 1(b)]. The expression for such reverse work can be obtained
it = Mg = (07 - NN = sin(a). (100 py simply swapping the indices andi+1 in Eq. (). In
general, W,,;_;=-W,_,;;;. However, under the numerical

The fact that|n;_;.4|=si will help us to simplify the : L . :
situation whe|nclv_i>'ls+1<|;los<ra(i2 or is ze?o. We do n[())tfise the computations the equality is not strictly true, so we will use

vector product expression for the torque from mechanicéhe average for the purpose of computing the total work,
since in general the entire configuration space has a number

of dimensions different from three. The instantaneous scalar Wi+ = [Wiiva = Wit i/2. (16)
torque, on the other hand, can always be defined as We would like to emphasize the fact that during configu-
~ ration sampling one only needs to compute two rather
Tie1i(1) = Flay(O([Risa() = Ripal - niisy). (1) straightforward averages, the tangent fo{E®, and the av-

erage of coordinates weighted by the tangent fafE®;).
This second intermediate will be used for torque evaluation
as per Eq(12).

The pointﬁi defining the hyperplane does not appear

The expressiom[RM(t)—ﬁiﬂ] ‘Ni_i+1) gives the arm length
by projecting the difference between current positiyp,(t)
in the hyperplane and the point of rotatid®,; onto the

vector n;_;.; orthogonal to thg ff,”ce in the 2D plalﬁEig. explicitly in the averages, although, it did define the neigh-
2(b)]. The scalar product specifying the arm length is e'therborhood where the sampling started. There is also no cou-

positive _or negative depe~nding on location of .th~e pOintpling between the neighboring hyperplanes in the averages,
Ri+1(t) with respect to poinR;,; [above or below poinR;.1  jn contrast to the approach by Negaal*® If higher numeri-

in Fig. 2(b)]. The torque average is cal accuracy is desired, additional hyperplanes could be gen-

| ~ erated by linear interpolation and inserted anywhere along

(Tis1,) = (Fira([Ris1 = Rixal " Niisn)) the path, and then extra sampling would only need to be
:((F'i'+1Ri+1>—<F=‘+1>E3i+1) N1 (12) done on these added hyperplanes. The reference pRjnts

can be set either before or after the averages are computed,
The notable feature of the last expression is the separation @fhich is quite convenient.
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C. Shift in reference points R ~,-

Now we take a look at what happens when the referenc

points are shifted. The translational pwfjﬂﬂ changes in
the following way:

WiTB>i+1(§i + AﬁilﬁHl) - WiTEi+1(§i,§i+1)

=-(AR;-n))(F) =0, (17

WiTEiJrl(ﬁi,ﬁiﬂ + A§i+1) - WiTEH]_(ﬁiyﬁHl)
= (ARjs1 - Mi)(F)) = sin(a)(F)(ARyy1 - ni_isp). (18)

The rotational component3T does not contairR; at all
and thus is unaffected hyR;. The effect of change iR;,4 is

i+(-1),-ir(§i’§i+1 + Aﬁi+1) - \Ni’?rcl),-ir(ﬁi’ﬁiﬂ)

= - a(Fl,)(AR1 ;s (19)

J. Chem. Phys. 122, 114108 (2005)

vector average, which i§FIR;)~(F))R;). Note that in Eg.
é12), we evaluated a projection of such torque vector on the
specific directiom;_;,4 in which the hyperplane was rotated
to match the orientation of the other hyperplane.

Ren and Eet al**® have proposed to optimize the entire
path at finite temperature—the method refered to as the finite
temperature string method. In this approach, an equispaced
sequence of hyperplanes is obtained, with tangenderived
from (R;) via the usual formulas for numerical tangents
along a pati?r.0

D. Additional constraints required in molecular
systems

Realistic 3D molecules withl atoms have B degrees of
freedom. Out of these, three represent translations of the cen-
ter of mass, and three represent rotations around it. Note that
these translations and rotations of a molecule as a whole in
3D have very little in common with the hyperplane rotations
and translations discussed in the context of the free energy

Thus both the translational and rotational components of thg,iegration earlier in this work. The molecular translational

work have significant dependence éihl- The total work
W,_,;44, on the other hand, changes much less With

\Niei+1(§i-§i+1 + A'szi+1) - V\/iai+1(§i1§i+l)
= (sin(@)(F)) = alFl, )(ARj41 Ny i)

The difference in the left brackets of E@O) is expected to
be small for nearby hyperplanes and small anglesince

(20)

sin(a) =~ and (F))~(F!,,), however, it is nonetheless still

nonzero.
A practically important question then is whg{ should

be in order to have numeric®;_,;,, as accurate as possible.
Note that for the stability of the numerical integration itself,

a sequence oq?i should at least form a path that is smooth.

degrees of freedom are straightforwardly expressed as linear
vectors, while the rotational degrees of freedom can be
readily linearized for small rotational angl@s.‘l’he mass-
weighted coordinates are a convenient choice of a coordinate
system. Molecular rotations somewhat complicate the use of
the 3\-dimensional tangents;. Specifically, if the molecular
rotations are left unconstrained during the sampling, the mol-
ecule can get rearranged by small displacements into a local
minimum. The final result of such a change represents a
global rotation in a way as to make the tangenparallel to
one of the linearized rotational vectors of this minimized
structure.

So in order to make sure that tangentrepresents true
internal changes within a structure, rotations should be con-
strained(along with translations Such a constraint could be

At zero temperature the system confined to a hyperplang;y,q, global or local within a chain of configurations. The

does not have any kinetic energy to access points with efgha| one involves the use of Eckart axis conditfdme
ergy higher than a given local minimum. Another way 0 say,yi, the same fixed structufig, for all the structured® Spe-

it is that at O K the probability to find the system at the local

minimum is 1, and O elsewhere. Then, by choosﬁhgo be

cifically, during the generation of the reaction path one en-
forces the condition

at this minimum as well, the force is always applied at the

pointﬁi. Under such circumstances the torque is zero due to
the zero arm lengthEqg. (11)] and so is the rotational com-

> myra X T,=0, (21)

a

ponent of the work. Note that at 0 K one could also choosavhereT, represents atomic positions in some fixgdfer-

ﬁi to be not at the minimum, and then the force is applied®ncé structure, whiler, represents atomic positions in any
off-center and the torque is nonzefoWhen one uses a Other structure along the MEP. In practice the vector product
minimum energy pattMEP) to define the initial sequence of constraint defined by Eq21) can be decomposed into three
hyperplanes, the local hyperplane minima will coincide withorthogonal linear constraints of the form

the MEP points, and so those make good choice:f?foBy

MEP we mean a path for which the force is only nonzero in

the direction parallel to the path tangent.

3N
> aur=0. (22
k=1

Johannesson and Jonsson have suggested to optimizesgnilar constraint equations apply to the three translational
sequence of hyperplanes along some arbitrarily chosen initiglonstraints, and the reaction path tangent. If all seven linear
path.” This approach yields a hyperplane near the transition:onstraint vectors are made orthogonal, the constraints could
state with the translational force and the hyperplane torquge enforced by simply projecting them out sequentially. Oth-

both being zero. They have employédz<Ri> as the refer-

erwise a matrix inversion is need&yt®?*

ence point for each hyperplane in the sequence. The tangents An issue with Eq(21) is that for significant changes in
are being updated in the direction opposite to the torquetructurer with respect to the reference one, rotational vec-
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tors of T eliminated from the displacements of structure freedom. In the following, we sé¢; to 1, and express tem-
will not be fully aligned with the rotational vectors of struc- peratureT in units of the energy. In both examples, we have
ture r. Then the(3N-7) sampled subspace for structure used 513 replicas along the path including the first and the
will not represent just the internal degrees of freedom, but dast points.
bit of rotation, while a small fraction of the subspace of the = The harmonic approximation for the free energy differ-
internal degrees of freedom will not be sampled due to beingnce between any two pointsandj on the path is
constrained. The overall efect of such imperfect rotational m .
constraints will diminish with the increasing number of de- AA['J- = AVi"f}EP— kBT|n(§:—lV"k>, (27)
grees of freedom. k=1Vj k

More interesting, however, is that with local rotational ~ ~
constraints one cagn in fact make sure that tB&l-7) where AViJ:V(RI!V!EP)_V(RiMEP)' The productTli., runs
sampled subspace includes just the internal coordinates on er the frequencies, of all the degrees of freedom acces-

and no rotations. This is achieved by aligning any three con-Ible to the MD sa}mpllng, €., thpse in the hyperplane. To
secutive structures,, r,, andr in the path to satisfy compute frequencies,, we analytically calculated the full

Hessian and then projected it onto a smaller subspace from

ri®ry=0, (23)  which all the constraint vectors were excluded. The eigen-
values E, of the projected Hessian can be converted into
r,®rz=0, (24)  frequencies viay=\E,/(2m). The projected out constraints

aare identical to the ones we use during the MD runs, so our
numerical FEP is directly comparable to the harmonic one.

The free energy difference for the same sequence of hy-
perplanes is also evaluated via the constraint force and hy-
perplane torque from our MD simulation

where® denotes a mass-weighted sum of vector products
in Eqg.(21). One can construct such a string by using aligning
rotation matrices during the string optimizatif)snThen the
tangents, mainly computed fis,—r;] (with normalization,
satisfy both equations

-1
r,—r) ®r;=0, 25 W
(rp=ry)er, (25) AAYP =2 Wi, (28)
=

(rz—l’l)®l’220, (26)

and each structure(t) could use local rotational constraint " . X .
& (1 To facilitate detailed comparisons between the harmonic

[®T;=0], with T; taken from the MEP path. Now from struc- X . .

: nd numerical FEP, for any two points on the path we define
ture to structure in the path not only the path tangents bu .

: . . . _a new quantityAM,

also molecular rotation vectors could be changing orientation

whereV_vHJ,1 was defined in Eq(16).

(rotating. However, since there should be zero or very small _AA - AViMEP
average forcéand torque acting on the molecular rotation AM;;= keT : (29

constraint vectors, the effect of changing molecular rotation

constraints can be neglected. In the following section we wiIIACCOFdi”gHto the harmonic approximatiditq. (27)], har-

have a numerical example of such an approach. monic AM;} is independent of the temperature,
e,y
AMY =~ |n(§'—1y"k) (30)
I1l. NUMERICAL EXAMPLES ' k=1Yj k

Since our goal is to compute free energy differences ofNote that this logarithm of the frequencies’ ratio is often
chemical reactions via MD simulations, we will carry out the encountered in the context of the transition state theovg
canonical ensemble sampling in hyperplanes via the MDxan further splitAM;; into translational and rotational con-
with a Nose—Hoover thermost&t’ chain?® It is a well- tributions. Since the potential energy differences are purely
known by now fact that the simple Nose—Hooverdue to the translational component, the meaningful defini-
thermostat?’ has poor configurational sampling propertiestions are
for stiff systems such as a harmonic oscill&tof’ We use

. . : . : AAR - AVMEP
Verlet algorithm to integrate the equations of motion, with AMTR= 'l—'J (31)
microiterations for reaching self-consistency between atomic " KgT
and thermostat velociti€d The minimum energy path on the
surface is obtained via the string methbavith dampled AN
dynamics minimizatiodi! The string method is a parameter ~ AM{'= kB—LI" (32

free approach similar to the nudged elastic band method.

The MEP path obtained in such a way represents an equi§he AM’s allow one to see more easily the effects of other
paced set of configurations which have zero forces perperminima in the hyperplane as well as anharmonicity on the
dicular to the path tangent. The number of thermostats in th&D results. Otherwise the free energy profile can be domi-
Nose—Hoover chain was 10. In line with recommendations ohated by the potential energy differenc®¥; ; and the rela-
Ref. 28, the first thermostat had the mass oftively small temperature effects can be overlooked. In addi-
89kBT/(27-rvtyp)2, whereas all the other ones were tion, highly accurate and sensitiveM’s much more clearly
8kgT/ (27wtyp)2 whereg is the number of sampled degrees of illustrate the importance of the rotational contribution.
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FIG. 3. Minimum energy and thermally averaged paths at diffefent FIG. 4. AVYEP profile (upper curvg and AM at differentTs.
A. Model 2D potential minimum. The plot of the original minimum energy path and

the average$R,) for several different (Fig. 3) emphasizes
" this observation.
Comparing harmonic and numericAM, =AM, ; (Fig.
V(x,y) = 0.08x2 + y?)? + xy — 9 (= 3*Y’ _ gg(x+ 3%y 4), one can see that at the saddle point these two sets of
(33) computed values match quite well at lower temperatures. For
the hyperplanes with two minimé&Fig. 4, around replica
This potential has minima at+2.7127,+0.150pwith the  140), however,AM}'® deviates significantly from the har-
energy of —5.2405 units, whereas the saddle point {§ & monic predictions since then due to a lower minimum an
with the energy of —0.0022 unit§ig. 3). As mentioned ear- always finite(AAy;—AVy;) gets divided by whatever small
lier, the MEP path was computed via the string method startkgT. There is a slight visible energy reduction in this region
ing from a linearly interpolated path. The highest frequencyof the path as computed by using the thermally averaged
in the direction orthogonal to the path is at the minima, withpositions (upper curves in Fig. ¥ The splitting of AMMP
v=0.688 56. The MD time step was set to 1/100th of theinto rotational and translational components depends on the
characteristic period i After the initial equilibration for reference path employe@able | and Fig. B however, de-
40 000 steps, the MD simulation was carried out for 8spite very significant redistribution between the two compo-
X 10° steps. The care was taken to avoid finite precisioments the total integrated values are very similar. Note that if
issues by splitting the accumulated averages into pieces. Thee simply ignored the rotational component, the obtained
tangent constraint was maintained via a LagrangeAM}'® (and likewise FEPwould be incorrect.
multiplier,24 which in this case is simply the negative of the
total force projection on the hyperplane tangent. The harg. A seven-atom Lennard-Jones cluster
monic AA¥ for the transition state d0,0) is

Our first example is a particle with mass 1 in a two
dimensional potentialsame as in Ref. 15

; The rearrangment of this two-dimensional seven-atom
AA*=5.2383 - 1.4824. (34 Lennard-Jones(LJ) cluster is investigated in several

1,32,33 .
This expression is similar to the one in Ref. 15, with minorpapersl. The LJ potential has the standard form

differences perhaps due to the slightly different tangent di- o\2 [o)\®
rections at the minimum. VZZ 4E[<r_> - (r_) ] (35
An interesting feature of this potential is that some = ! !
points along the minimum energy path represent not the glothe distance between the particles'js while e and o are
bal but a local minimum in the respective hyperplane. Thenset to 1(LJ unity. The energy for the optimized geometry
the probability to find the system is higher at the globalshown in Fig. 6 is —12.5349. The question of interest is the

TABLE I. Free energy difference between the minimum and the transition state. The translational and rotational
components for two different reference paths are shawAt:" is the harmonic approximation estimatev* is

5.2383.
Reference pathRMEP) Reference patkR;)

T AAF AALL AALor  AAF AALL AAL o AAHH AA*R
0.01 5.2238 0.9125 -0.9271 5.2259 0.0363 -0.0487 5.2235 5.223
0.1 5.0919 0.5829 —-0.7293 5.0923 0.1688 —-0.3149 5.0901 5.092
0.5 4.5404 0.2011 -0.8991 4.5405 -0.1220 -0.5758 4.4971 4.538
1.0 3.9210 -0.6047 -0.7125 3.9210 -0.9608 -0.3565 3.7559 3.933

“Reference 15.
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FIG. 5. Translationa(TR-V) and rotationalROT) contributions toAM at

~ MEP ; : ,
T=0.5 using the minimum energy and thermally averaged patlfg.as FIG. 7. AV, ™" profile (upper curvé and two harmonicAM's. The curve

labeled asAM used local rotational constraints for each replica along the
string. The curvé\M,q,, Was generated by using the central transition state

. . structure as a constraint for all of the replicas. Batti's curves are shifted
migration of the center atom to the outer shell of the clusteryy the same constant, and coincide in the middle where the local and global

One of low activation energy mechanisms for such a reareonstraints of the two calculations are the same.

rangment can be viewed as a rotation of a three-atom group

within the cluster(Fig. 6).3%% The intermediate structures with the way that the usual harmonic frequencies are com-
relax accordingly in order to be at the valley along the pathputed by projecting out translations, rotations, and the force
(i.e., zero force in all directions perpendicular to the path vector if it is nonzero. . _

The profile obtained via the string method has two interme- ~ The MD simulation was carried out for>810° time
diate minima and three maxinapper curve in Fig. ¥ steps with each step being 1/100th of the characteristic pe-
The total number of degrees of freedom in this systen{i®d 1/vy, The mass of each atom was set to 1. Thg
confined to thexy plane is 2< 7=14, out of which two rep- =1.701 which is the frequency of two bound LJ atoms at the

, . : MD ;
resent translations, and one represents rotation. Including t 'n'm?”l'h Ashone can see fro;n Ftlr?.BMtk' Stf‘YS re\l/stlvde_g/t
hyperplane tangent constraint, we end up with the total of'0S€ 10 the harmonic curve for the entire string. We did try
four linear constraints, and remaining ten sampled degreesi veral different temperatures, and al numerlca_lly compgted
freedom. During the MD we enforce these two translational M curves looked very much the same. At sufficiently high

thermal energy per structut@>0.01, not show)j) extensive

one rotational, and one hyperplane tangent constraints bl%arrangments start to occur in the hyperplanes
utilizing Eq. (22). '

] ) ) ) . Again, the individual translational and rotational contri-
Figure 7 contains two harmonidM, approximations

' i i ith R, =RMEP
where the projected oytonstrained in M degrees of free- butions to the numericalMy (Fig. 8 with R;=R;"" are of

. : imilar magnitude. Simply ignoring the rotational contribu-
dom e|t_her were determmed by the local or by the g_|0ba[tsion to theAMl’:"D does get a curve that has the general shape
constraint as discussed in Sec. Il D. For thid 4 curve it

) . . ) of the harmonicAM", but unfortunately, it is not a correct
is quite noticable that the farther away the structure is Iocategne We also computed the numericaM, for the string

from the central transition state used as the string-wide CONgpere the central transition state structure was used as the
straint, the more the\Mgop, Curve deviates from th&M  g1oha) constraintnot shown. In this case, we could again

which employed the local rotational constraints. We alsqmatch the corresponding harmowgobm curve with the
want to mention that local constraints are fully consistentgne from the MD.

AM

12 F —e— harmonic
e 0,001 TOT
14 F ---e--- 0.001 TR-V ]
: . . LT 0.001ROT
0 100 200 300 400 500

replica

FIG. 8. TR-V and ROT contributions thM at T=0.001 using the minimum
FIG. 6. A two-dimensional LJ cluster. energy path aR;. Individual rotational constraint was used for each replica.
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In summary, we have described a convenient computat-he
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